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Overview

I

« Basic linear algebra concepts
« Coordinate systems

e Coordinate frame

Fabio Miranda | CS425: Computer Graphics | @ COMPUTER SCIENCE 2
D 0 e




Euclidian space

* A n-dimensional real Euclidian space is denoted R".
« Avector v in this space is an n-tuple (an ordered list of real

numbers).
Vo
V1 . .
vVER"oS V= : ,withv; e R,i =0,..,n—1
Un-1

* v, ..., Vyp_1. €lements, coefficients, or components of vector v.
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Operations

Ug (2 Uy + Vy
Uq 4] U +v
u+v= : + : = toH eER
Un-1 Un-1 Uy_1 T+ Vpq Addition
U
auq
au = ER
AUy Multiplication by scalar
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Properties

. (u+v)+w=u+ (v+ w) (associativity)
. w4+ VvV =vV+ u (commutativity)

. 0 4+ v = Vv (zero identity)

IV. v+ (—v) = 0 (additive inverse)

V. (ab)u = a(bu)

Vi. (a + b)u = au + bu (distributive law)

vii. a(u+ v) = au + av (distributive law)

viil. lu=u
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Dot product

u-v= ?;01 U; V; (dot product)

Properties:

. u-u =>0,withu-u=0ifandonlyifu=(0,0,..,0) =0
i. (u+v) - w=u-w+v-w

ii. (au)-v=a(u-v)

IV. W:V =V-u (commutative)

V. u-v=0eoulyv
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Norm of a vector

lul| = Vu-u= \/Z::lulz (norm)

Properties:
l. u|=0=u=1(0,0,..,00=0
i.  [[aul] = [al||ul

ii.  |la+ v| < ||u]] + ||v|| (triangle inequality)

iv. [lu-v|| < ||ull|]v]] (Cauchy-Schawrtz inequality)
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Geometrical interpretation

* Aset of vectors vy, vq4,..., v,,_1 is linearly independent if:
agVo + ;v + -+ a,_1V,_1 = 0ifandonlyifag =a; = =a,,_1 =0

 If a set of vectors is linearly independent, we cannot represent one
in terms of the other.

 If a set of vectors is linearly dependent, at least one can be written
in terms of the other.
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Geometrical interpretation

« Example: vy = (4,3) and v; = (8,6) are not linearly independent,
since ay = 2 and a; = —1 satisfy.

« Example: vy = (4,3) and v; = (2,6) are linearly independent, since
the only scalars to satisfy previous equation are ¢, = 0 and a; = 0.
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Geometrical interpretation

If a set of vectors vy, vy, ..., v,_1 € R" is linearly independent and any

vector u € R"™ can be written as a combination of:
n-—1

u = 2 U;V;j
i=0
Then we can say that the vectors v, ..., v,,_; span the Euclidian space
R™ .
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Geometrical interpretation

 In addition, if ug, ..., u,,_; are uniquely determined by u for all u €
R" , then v, ...,v,,_, is called a basis of R™ .

« What this means: every vector can be described uniquely by n
scalars (uy, ..., u,_q1), and the basis vectors v,, ..., v,,_; .

« (1,0),(0,1)  (1,1,0),(0,1,1)
« Linearly independent? Yes. » Linearly independent? Yes.
« Spans R?? Yes. « Spans R3? No.
-« Basis for R?? Yes. « Basis for R3? No.

* (1,0),(1,1),(0,2) « (1,1),(1,-1)
» Linearly independent? No. » Linearly independent? Yes.
« Spans R?? Yes. « Spans R?? Yes.
- Basis for R?? No. - Basis for R?? Yes.
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Coordinate systems

« Consider a basis vy, ..., v,,_

 Avector can be writtenasv = agvy + a;vy + -+ a1 V1

 List of scalars is the representation of v with respect to given basis.
« Avector describes a direction and a length (norm).

« We can write this as:

o
v= (g @ . )T = M1
An-1
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Operations

u + V = V + U (commutativity)
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Coordinates

Vi
N < Vo
v S
0.5v, h
V= aogVy + a1vq v=2vy+0.5v; v=05vyj+0.5vy v=vy—vVv
vy, and v;form a 2D basis
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Length

* Length of a vector is denoted as ||v||

« A vector can be normalized, to change its length to 1, without affecting

its direction: u = ﬁ
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Dot product

« The dot product is related to the length of two vectors and the
angle between them.
u-v = |lullllvllcos6

u
0
Vv
 If both are normalized, it is directly the cosine of the angle between
them.
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Projection

« The length of the projection of u onto v can be computed using the dot

product
u-v
u-v= ||lullcosd = —

vl
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Cross product

* Defined only for 3D vectors.

* The resulting vector is perpendicular to both u and v, the direction
depends on the right hand rule.

« The magnitude is equal to the area of the parallelogram formed by u

and v.
u X v = ||ul|||v]|sin6

uxyv
u
3

N
\
vaA ____ S
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Properties

. WXV = —V X U (anti-commutativity)
i. (au+bv) Xw =a(u X w) + b(v X w) (linearity)
. 0+ v = Vv (zero identity)

V. u X (V X W) — (u . W)V — (u . V)W (vector triple product)
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Cartesian coordinates

« x=(1,0) andy = (0,1) form a canonical, Cartesian basis.

y 4
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Coordinate systems

A A

Which one is correct? Both, vectors don’t have fixed location.
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Coordinate systems

« We will always use orthonormal bases, which are formed by pairwise
orthogonal unit vectors:
|0, i#j
WV TLi=

« This means that every basis vector must have a length of one, and
also that each pair of basis vectors must be orthogonal.
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Coordinate frames
I
* Note that a coordinate system is insufficient to represent points.
« We can add an origin to the basis vectors to form a frame.
A

P
/ ’
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Coordinate frames

* Frame determined by (Py, vy, V1, V5).

« Within this frame, every vector can be written as:
V = a()VO + a1V1 + e+ Oln_lvn_l

« Within this frame, every point can be written as:
P=Py+fovo+f1vi ++ Bn-1Vn-1
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Points and vectors

« Consider the point and the vector:
V = a()VO + a1V1 + .-+ an_lvn_l
P=Py+ [ovo+[1Vi + -+ Bn_1Vnq

« Similar representations:

Qo Bo
(94
VvV = :1 P = ’8:1
Xn—-1 ﬁn—l

« But: a vector has no position.
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